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By a recent result of Asperó-Schindler [?], Woodin’s axiom p�q is a con-
sequence of MM��. As is well-known, MM�� can be forced from a su-
percompact cardinal using a semiproper RCS-iteration and hence so can
p�q. It is widely believed that the supercompact is necessary for MM��,
however p�q has consistency strength of merely ω-many Woodin cardinals.
Clearly, p�q can be obtained by forcing over LpRq if AD holds there, but it
remains a mystery if p�q is forceable over models of ZFC from large cardinal
hypotheses reasonably close to its consistency strength. In these notes we
make partial progress to this problem and show that p�q can be forced using
a semiproper iteration from an assumption strictly weaker than a κ���-
supercompact cardinal κp�GCHq. One way to reduce the large cardinal
is to note that the argument of [?] actually shows that p�q follows from
MM��

ω3
��ω3 and this can be achieved from less than a full supercompact,

but this seems to need more than what we will assume here. Instead, our
strategy will be to iterate the forcing from r?s. In order to not collapse ω1,
we only want to use this forcing if it is semiproper. Our argument to force
this needs a κ��-supercompact cardinal κ. This is the only part of our con-
struction that needs partial supercompactness, the rest will work if enough
Woodin cardinals are at our disposal. The large cardinal assumption we
end up with is an inaccessible limit of κ��-supercompact cardinals κ with
ω-many Woodin cardinals plus a measurable on top.

We will silently assume GCH in V throughout these notes. This is not a
necessary assumption, but will make the notation both in the proof in and
the statement of the main theorem easier. Furthermore we fix a set A � ω1

with ω
LrAs
1 � ωV1 . Given a dense set D � Pmax in LpRq let PD be (one choice

of) the forcing used in the proof that p�q follows from MM�� using the fixed
A.

Proposition 1. Suppose NSω1 is saturated. Let D P PpPmaxq X LpRq and
X   Hω4 countable with PD P X. If p P X X PD then p Y t“α ÞÑ ξ2u is a
condition in PD whenever ξ P X X ω3 is large enough where α � X X ω1.

Proof. We will show that

X |ù T � tβ   ω1 | pY t2β ÞÑ δ2u P PDu contains a club
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The assertion then follows immediately. We will show that the same state-
ment is true in Hω4 . We will make use of the notation in the MM�� ñ p�q-
paper. Let λ   ω3 be large enough such that p P PDλ . Let g be Colpω, ω3q-
generic over V and find some h P V rgs that is PDβ -generic over Qβ with p P h.
This gives rise to a certificate

pMi, πi,j , Ni, σi,j | i ¤ j   ωV1 q, ppkn, αnq | n   ωq, pλδ, Xδ | δ P Kq

Let ρ � ω
V rgs
1 and write NωV1

� pNωV1
, A, Iq. Given any S P pNS�ω1

qV � I�,

we extend pNi, σi,j | i ¤ j ¤ ωV1 q to a generic iteration pNS
i , σ

S
i,j | i ¤ j ¤ ρq

so that ωV1 P σωV1 ,ωV1 �1pSq. We then let

pMS
i , σ

S
i,j | i ¤ j ¤ ρq � σS0,ρppMi, πi,j | i ¤ j ¤ ωV1 qqq

and since MωV1
� pHV

ω2
,NSVω1

, Aq and NSω1 is saturated, we may lift this to
a generic iteration of V

pMS,�
i , πS,�i,j | ωV1 ¤ i ¤ j ¤ ρq

Put MS �MS,�
ρ and πS � πS,�

ωV1 ,ρ
.

Claim 2. If λ ¤ ξ   ωV1 then MS |ù πSppq Y t2ωV1 ÞÑ πSpξq2u P πSpPDq

Proof. The semantic certifiacte is given by

pMS
i , π

S
i,j , N

S
i , σ

S
i,j | i ¤ j ¤ ρq, ppkn, π

Spαnq | n   ωq, pλ�δ , X
�
δ | δ P K

�q

where K� � K Y tωV1 u and λ�δ � πSpλδq, X
�
δ � πSpXδq for δ P K and

λ�
ωV1

� πSpβq and XωV1
� πSpQβq.

Thus we have ωV1 P πSpT q X πSpSq, which means S X T � H. Recall
that S was an arbitrary stationary subset of ω1 in V . Hence T meets any
stationary subset of ω1. This can only happen if T contains a club.

We will need some combinatorial principle that implies that the forcings
of the form PD are semiproper. The following one works:

Definition 3. CC�pω4q is the statement that

tX   Hω4 | X is countable^DY X � Y   Hω4Da P Y |a| � ω1^XXHω4 � au

contains a club of rHω4s
ω. Here X � Y means X � Y and XXω1 � Y Xω1.

Lemma 4. Assume that NSω1 is saturated and that CC�pω4q holds. Then
PD is semiproper for any dense set D P PpPmaxq X LpRq.
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Proof. Let

C � tX   Hω4 | X is countable^DY X � Y   Hω4Da P Y |a| � ω1^XXHω4 � au

Let X P C with PD P X and find Y and a P Y that witness X to be an
element of C. Let p P X XP. Let b � x 9xα | α   ω1y be an enumeration in Y
of all PD-names for countable ordinals that are in a. Note that any PD-name
for a countable ordinal that is in X is some 9xβ for β   α :� XXω1 � Y Xω1.
Now find λ   ω3 in Y such that p P PDλ and

pQλ; P,PDλ , Aλq   pHω3 ; P,PD, tpq, β, γq | q P PD ^ q , 9xβ � γ̌uq

By the proposition above we find that q � pY t“α ÞÑ λ“u P PD. I claim
that q is PD-semigeneric for X. Let r ¤ q and suppose that 9x P X is a name
for a countable ordinal and r , 9x � γ̌. Find β   α such that 9x � 9xβ. We
must show γ   α. Let

C � pMi, πi,j , Ni, σi,j | i ¤ j ¤ ω1q, pkn, αn | n   ωq, pλδ, Xδ | δ P Kq

be a certificate for r. Then α P K and λα � λ so that

Xα   pQλ; P,PDλ , Aλq

and Xα X ω1 � α. Let Σ be the syntactical certificate corresponding to C.
Thus Xα XF X rΣs ω � H whenever F � PDλ is a dense subset definable in
pQλ; P,PDλ , Aλq from parameters in Xα. In particular this is true for

F � ts P PDλ | Dξps, β, ξq P Aλu

Note that F is dense as

ts P PD | Dξ s , 9xβ � ξ̌u

is. So let s P F X rΣs ω XXα and let ξ P Xα be so that ps, β, ξq P Aλ. Thus
s ,PD 9xβ � ξ̌. Furthermore s and r are compatible as both s and r are
elements of P rΣs ω. We can conclude γ � ξ   α as desired.

Lemma 5. Let κ be κ��-supercompact and assume P is a semiproper for-
cing of size κ collapsing κ to ω2 with the κ-cc such that there is a κ��-
supercompact embedding j : V ÑM with critical point κ with

jpPq � P � Colpω1, κ
��q � 9Q

such that MP�Colpω1,κ��q |ù “ 9Q is semiproper2. Then V P |ù CC�pω4q.
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Proof. Suppose not. Let j be the embedding assumed to exist. Let g be
P-generic over V and h Colpω1, κ

��qV rgs-generic over V rgs. Then by picking

a bijection f : ω1 Ñ H
V rgs
ω4 , we can turn Cc into a stationary subset of ω1 in

V rg, hs, simply put
S � tα   ω1 | f”α P Ccu

In V rg, hs we will build a continuous increasing chain xXi | i   ω1y of

countable elementary substructures of H
Mrg,hs
θ for θ large enough. Just

make sure f, 9Qg�h, H
V rgs
ω4 , , j æ κ��, g, h P X0 and i P Xi�1 as well as

Xi XH
V rgs
ω4 � f”Xi X ω1 for all i   ω1. Here,   is some wellorder of HV

κ��

in V of length κ��. Find some α P S with Xα X ω1 � α and let X � Xα.
Note that M rg, hs is still countably closed from the point of view of V rg, hs
(even ω1-closed). Thus X PM rg, hs. Now we may find k 9Qg�h-generic such
that k contains a X-semigeneric condition. Hence X � Xrks. We may lift j
to an elementary embedding j� : V rgs ÑM rg, h, ks with j�pgq � g � h � k.
Let

X� � X XHV rgs
ω4

  HV rgs
ω4

Note that f”α � X� and α P S and hence X� P Cc (note that X� is countable
and thus X� P V rgs). This shows

j�”X� � j�pX�q P j
�pCcq

Claim 6. j� æ H
V rgs
ω4 P Xrks.

Proof. As P is of size κ and collapses κ to ω2, ω
V rgs
4 � κ�� and H

V rgs
ω4 �

HV
κ��rgs. X can define a wellorder of H

V rgs
ω4 from   by setting x  1 y iff the

 -least name 9x with 9xg � x is   the least such name for y. In the same way

Xrks can define a wellorder  2 on H
Mrg�h�ks
ω4 from jp q with g �h�k P Xrks

in place of g. It follows that j�p 1q � 2. Now for j� æ H
V rgs
ω4 maps the

α-th point w.r.t.  1 to the jpαq-th set w.r.t. jp 1q. As j æ κ�� P X and as

 1 has ordertype κ��, j� æ H
V rgs
ω4 can be defined in Xrks.

Finally, j�pX�q � ranpj� � fq P Xrks. This shows that j�pX�q �

Xrks XH
Mrg,h,ks
ω4 witnesses j�pX�q to be in C, a contradiction.

Suppose P � Pκ � P � xPα, 9Qα | α   λy is an iteration. For α ¤ λ a
limit, we denote the direct limit along xPβ, 9Qβ | β   αy by P α.

A semiproper iteration of length λ is a RCS iteration P � xPα, 9Qα | α  
λy such that for all α   λ we have:

piq Pα , “ 9Qα is semiproper”

piiq there is β   λ so that Pβ , |Pα| ¤ ω1
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Proposition 7. Suppose λ is inaccessible and P � xPα, 9Qα | α   λy is a
semiproper iteration so that Pα , | 9Qα|   λ̌ for all α   λ. Then P is λ� cc.

Proof. Clearly all Pα are of size  λ for α   λ and Pλ has size λ. Let
h : λÑ P be a bijection. We can easily find a club C � λ so that hrαs � P α
(note that P α essentially is

�
β α Pβ). It is well-known that P is semiproper

and hence preserves ω1. Thus by the definition of RCS iteration, a direct
limit is taken at any α P Eλω1

� tγ   λ | cofpγq � ω1u, so that Pα � P α for
such α.

Now suppose A � P is of size λ, say A � tpβ | β   λu. We will define a
regressive function on the stationary set S � C X Eλω1

by setting

fpαq � h�1ppα æ αq

As α P S we have pα æ α P P α by our prior considerations and as α P C we
get that indeed fpαq   α. Fodor tells us that there is a stationary set T � S
and some γ   λ so that f is constant on T with value γ. Note that the final
limit taken in the construction of P � Pλ is a direct limit as no q P Pα could
force λ to be of countable cofinality for α   λ. Hence any condition in P
has support bounded in λ. This means that me may find α   β both in T
so that the support of pα is contained in β. We have

pα æ α � hpγq � pβ æ β

and thus pα � pβ æ β. We have found two compatible conditions in A.

Lemma 8. If κ is κ��-supercompact then there is a semiproper iteration P
of length κ such that in V P both NSω1 is saturated and CC�pω4q hold true.

Proof. (Sketch) There are multiple ways of arranging this. We sketch on of
them where we take advantage of the following fact.

Claim 9. Let j : V Ñ M witness that κ is κ��-supercompact. Then for
any B � κ, κ is jpBq-strong up to jpκq in M .

Proof. There is a standard argument that produces, internal to M , a super-
strong embedding

i : M Ñ N

with critical point κ and i æ Vκ�1 � j æ Vκ�1. The proof that shows
superstrong cardinals to be Woodin yields that κ is C-strong up to ipκq in
N for any C P PpipκqqN . Now the extenders witnessing κ to be ipBq � jpBq-
strong up to ipκq � jpκq lie in V N

ipκq � VM
jpκq. Thus these extenders witness κ

to be jpBq-strong up to jpκq in M .
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The construction of a Laver function applied to the given κ��-supercompact
cardinal κ yields a map f : κÑ Vκ so that for any x P Hκ�� there is a κ��-
supercompact embedding jx : V Ñ Mx with jpfqpκq � x. We produce a
RCS-iteration P � xpPα, 9Qαq | α   κy by inductively defining 9Qα so that

1Pα , “ 9Qα is the antichain sealing forcing for fpαq”

if fpαq happens to be a Pα-name for a maximal antichain of stationary
subsets of ω1 and the corresponding sealing forcing is forced to be semiproper
and

1Pα ,
9Qα � Colpω1, 2

ω2q

otherwise.
Let G be P-generic over V and assume towards a contradiction that there
is a maximal antichain

a � tSα | α   κu P V rGs

of stationary subsets of ω1. Note that ω
V rGs
1 � ωV1 and ω

V rGs
2 � κ. Let 9a be

a nice P-name for a. Look at the embedding

ja : V ÑMa

and let U be the normal measure on κ derived from ja. As japfqpκq � a,

tα   κ | fpαq � 9a æ α is a Pα�name for a maximal antichain of NS�ω1
u P U

as well as
tα   κ | α is   κ� 9a` P� strongu P U

by the claim above, so that their intersection is non-empty. The argument
from [?] then carries over to the situation here and shows that NSω1 is
saturated in V rGs. It remains to see that CC�pω4qq holds true there as well.
But this is an easy consequence of the way we have set up the iteration and
Lemma ??: Consider

jH : V ÑMH

Then in MH, jHpfpκqq is clearly not a name for a maximal antichain so that

1Pκ ,
M 9Qκ � Colpω1, 2

ω2q

As jpPq is a semiproper iteration in MH, any tail of the iteration is forced
to be semiproper. Thus jHpPq factors as desired to be able to apply Lemma
??.

We are now ready to prove the main theorem.

6



Theorem 10. Assume there is a proper class of Woodin cardinals. Let
λ be an inaccessible limit of κ��-supercompact cardinals κ. Then there is
a semiproper iteration P of length λ with the λ-cc collapsing λ to ω2 and
forcing p�q.

Proof. Our strategy will be to force with PD for any D P LpRq that is dense
in Pmax. Of course we must anticipate that LpRq may change along our
iteration, so we will have to do some bookkeeping. The inaccessibility of
λ is used to make sure that our iteration will have the λ-cc, so that we
“catch our tail” in the sense that in the end we really forced with PD for
any appropriate D that is in the final LpRq. All the κ��-supercompact κ
will be used to take advantage of Lemma ?? so that the next PD we want to
force with is really semiproper by Lemma ??. We are also obliged to make
NSω1 saturated to satisfy the other assumption of latter lemma. We will
proceed to show how this can be organised.

We will need a bookkeeping function h that maps a κ��-supercompact
cardinal κ to some Pκ-name 9D for a dense subset of PV Pκ

max that is in LpRqV Pκ
.

We will explicitly construct h alongside our iteration.
We will inductively make sure that if κ   λ is κ��-supercompact then in

V Pκ both NSω1 is saturated and CC�pω4q hold true. Suppose Pβ is defined
for all β ¤ α. Suppose Pβ is defined for all β   α. If α is α��-supercompact
then the next step of the forcing will be Phpαq, or more precisely we make
sure that

1Pα ,
9Qα � P

9D

where 9D � hpαq. It does not matter which tree witnessing 9D to be κ�-
universally Baire we choose in the construction of P

9D in V Pκ so we will not
make them explicit.

If α   λ is either 0, κ� 1 for a κ��-supercompact cardinal κ or a limit
of such cardinals then let κ1 be the next such cardinal above α. Note that
|Pα|   κ1 so that κ1 is still κ1��-supercompact in V Pα . We then define Pγ
for all α   γ ¤ κ1 so that Pκ1 � Pα � 9R where R is the forcing given by
Lemma ?? in V Pα .

We now make h precise. Let l : λ Ñ λ � λ be bijective on the κ��-
supercompact κ   λ such that if lpαq � pβ, γq then β ¤ α. If κ is κ��-
supercompact then we enumerate (up to equivalence of names) all Pκ-names
for dense subsets of Pmax in LpRq as x 9Dκ

γ | γ   λy (with repetitions). If
lpκq � pβ, γq and β is not β��-supercompact then we let hpκq be arbitrary.

Otherwise, 9D � 9Dβ
γ is defined and is a Pβ-name for a subset of Pmax. As

|Pβ|   λ and λ is a limit of Woodin cardinals,

V Pβ |ù “ 9D is  λ̌-universally Baire”

Choose any trees 9T , 9S witnessing this, where 9T projects to 9D. Then we let
hpκq be a name for the projection of 9T in V Pκ . We have more than enough
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large cardinals at our disposal to ensure LpRq-absoluteness in the sense that

pLpRq; P, 9DqV
Pβ
� pLpRq; P, hpκqqV

Pκ

so that hpκq is indeed a name for a dense subset of Pmax that lives in LpRq.
Let G be P � Pλ-generic over V . We will show that p�q holds in V rGs.

Recall that we fixed a set A � ωV1 � ω
V rGs
1 with respect to which we set up

all our forcings of the form PD we used. We propose the following filter:

g � tpM, I, aq P Pmax |there is a generic iterate pMω1 , Iω1 , aω1q of

pM, I, aq with Iω1 � NSω1 XMω1 and aω1 � Au

g is indeed filter, cf. [?]. We show that it is generic over LpRqV rGs, so let
D3 P LpRqV rGs be dense in Pmax. We will write R3 for RV rGs. Now R7

3 exists
in V rGs, so there are LpR3q-indiscernibles ξ0, . . . , ξn and reals x0, . . . , xm as
well as a first order formula ϕ so that y P D if and only if

LpR3q |ù ϕpy, x0, . . . , xm, ξ0, . . . , ξnq

By Proposition ??, P is λ-cc so that there must be some κ��-supercompact
κ   λ so that x0, . . . , xm P V rGκs (where Gκ is the induced Pκ-generic filter).
Let’s put R0 � RV rGκs. We may assume that ξ0, . . . , ξn are LpR0q

V rGκs-
indiscernibles as well. Now for some γ, 9Dκ

γ is a Pκ-name for the set

D0 � ty P R0 | LpR0q |ù ϕpy, x0, . . . , xn, ξ0, . . . , ξmqu

Let κ1 be κ1��-supercompact so that lpκ1q � pκ, γq and put D1 � hpκ1qGκ1 .
The forcing we use at step κ1 is the PD1 of V rG1

κs, so that there is y P
V rGκ1�1s with y P D2 X g, where D2 is the version of D1 in V rGκ1�1s (i.e.
the projection of a tree witnessing D1 to be sufficiently universally Baire in
V rGκ1s). Our large cardinal hypothesis implies that in a forcing extension
of V rGs there is some set of reals R� and some D� as well as elementary
embeddings

ji : pLpRiq; P, Diq Ñ pLpR�q; P, D�q

for all i   4 which map indiscernibles to indiscernibles. Using j1 and j2, we
see that

LpR�q |ù ϕpy, x0, . . . , xn, ξ
�
0 , . . . ξ

�
mq

where ξ�0   � � �   ξ�m are (any) R�-indiscernibles. Using j3, we see that

LpR3q |ù ϕpy, x0, . . . , xn, ξ0, . . . , ξmq

and hence y P D3 X g.
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Remark 11. A look at the argument above reveals that we do not need the
whole proper class of Woodin cardinals, only a limit of Woodins   λ with a
measurable above it. They are only used to find the embeddings ji used in
the end.

Question 12. Can p�q be forced from a proper class of Woodin cardinals
that has an inaccessible limit?

ν
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