On the subcompleteness of some Namba-type
forcings

Ronald Jensen*

§1 In this paper we show — under the assumption CH 42! = wy —
that two Namba-like forcings N and N* are subcomplete. N’ is the set of
Namba trees with a finite stem s = stem(7") s.t. for all t € T, either t = s[n
for some n < |s| or else t D s has wy many immediate successors. The salient
property of N’-generic sequences (v; : i < w) is that, whenever F' : wy — wy
is a function in the ground model, then:

\/n/\mzn F(Ym) < Ym+1-

N* is defined like N’ except that we impose the stronger requirement that
if t € T and ¢ D stem(7"), then:

{a |t () € T} is stationary in ws.

The salient property of N*-generic sequences is that whenever A C wy is
club in the ground model, then:

\/n/\mZn Ym € A.

Both forcings add no reals, assuming CH in the ground model.

N’ has been treated extensively in the literature, especially [PIF]. We
are not aware of previous treatments of N* and would be grateful for any
references.

*As part of the Ronald Jensen Nachlass Project, this ITEX file was produced by An-
dreas Lietz from Jensen’s handwritten notes. Claude produced a preliminary version,
which was proofread and corrected by Andreas Lietz.



§1 Introduction

In [DSP] we generalized Shelah’s notions of “dee-complete” and “w;-
proper” forcing to “dee-subcomplete” and “w;-subproper”. (Unfortunately
we inadvertently changed the term “dee-complete” into “dee-proper”. We
apologize for this and will avoid doing so in the future.) We showed that,
under CH, N’ had both properties and, therefore, can be iterated without
adding reals. Quite recently we introduced the notion of “almost subcom-
plete forcing” and proved an iteration theorem for these forcings. Assuming
CH 424t = wy we showed that N’ and N* are both almost subcomplete. We
then belatedly realized that our proof showed N, N* to be, in fact, fully
subcomplete. (Embarrassingly, this leaves us with no “real” applications for
almost subcomplete forcing.)

Our proofs will deal mainly with IN*, though we shall briefly indicate
the changes to be made in proving the same results for N'. After that we
introduce the basic theory of L-forcing in §3. (For this the reader may also
consult [LF], which for present purposes is more suitable than the rather
abstruse treatment in [Sing].) In §4 we prove the equivalence of N* with an
L-forcing. In §5 we then prove the main result. In §6 we discuss further
properties of the forcings N, N’ and N*. Throughout this paper — except
in §3 — we assume CH. In §5 we also assume: 2! = wy.
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§2 Namba-Forcing

Definition (Namba forcing). Namba forcing is the set N of trees T' C (wq)<¥
s.t.

o tcT —timeT form < |t|. (We write |t| = dom(¢) for t € (wq)<“.)
e If t € T, then there are ws, many s € T's.t. t C s.
e FEach t € T is a finite, ascending sequence of ordinals in ws.

N is partially ordered by inclusion: "< T’ in N < T C T".
For s € T' € N we set:

T(S):{t€T|tCS\/SCt}‘
The stem of T' is the largest s s.t. T = T).

Definition (Namba’ forcing). Namba’ forcing is the set N’ C N of trees T'
s.t. whenever t € T and t D stem(7'), then ¢ has ws immediate successors
in 7. N’ has been studied at length in [PIF] and elsewhere. In [DSP] we
showed that N’ is wi-subproper and dee-subcomplete.

Definition (Namba* forcing). Namba*-forcing is the set of '€ N’ s.t.
{a |t () € T} is stationary in ws,
whenever t D stem(T), t € T.

Note. It seems likely that N* has also been treated in the literature, but at
present we don’t know where. We would be grateful for any references.

Definition. We say that b € (wy)” is a branch through T iff bjn € T for
n < w. If G is N*-generic, then b = bg =: |J[ G is a branch through (ws)<*.
Conversely, GG is recoverable from b by:

G =Gy = {T € N* | b is a branch through T}.
(Similarly for N, N’.) We call b = (v; : i < w) N*-generic iff G} is N*-generic.

N* then has the following property:
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Lemma 1. Let b be N*-generic over V. Let C € V be club in wy. Then

where b= (y; 11 < w).
Proof. Let T' € N*, put n = [stem(T")|. Set:

T'={teT|/\i>nt@)eC}

Then 77 € N*, stem(7”) = stem(7") and 7" < T in N*. But every branch
through 7" satisfies (x). QED (Lemma 1)

An entirely similar proof shows:

Lemma 2. Let b be N'-generic over V.. Let C € V' be club in wy and let:

C(y)=min{f >~ |Be€C} fory<uws.

Then:
\/n/\z > nC(vi) < Yip1, whereb= (v 11 <w).

We also mention that the properties of being N-generic, IN’-generic, or
N*-generic are mutually exclusive.
N* satisfies the following weak amalgamation lemma:

Lemma 3 (Weak Amalgamation Lemma). Let (T,, | n < w) be s.t. forn < w:
o 1,1 <T, in N*
o stem(7},) = stem(7},41)
e Iin="T,1[n

(where T'In =:{t € T | |t| <n}.)

Then T € N* where:
T =T, =JTuIn.

QED (Lemma 3)

It is easily seen that Lemma 3 also holds with N’ in place of N*.
The following specialization lemma will be used to show that N* adds no
reals:
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Lemma 4 (Specialization Lemma). Assume CH. Let T € N*, f: T — w;.
There is T' < T in N* s.t.

Is| = |s'| = f(s) = f(s') foralls,seT.
(Hence there is g: w — wy s.t. f(s) = g(|s]) fors € T".)

Proof. For each g: w — wy let G, be the following game:

At stage i, I picks a club C; C wy s.t. C; C [;; Cj. i < m = [stem(T)],
then C; = wy. II then picks y; s.t. (yo,...,%) € T, v € Cyand f(vo,...,7) =
g(1) if possible. If IT has no move, then I wins. If T does not win at any finite
stage, then II wins.

Claim. II has a winning strategy for some G,.

Proof. Suppose not. Then I has a winning strategy S, for every g. Sy(i) is
then a club set in wy, and we set:

S(i) = n Sg(i)~

g: w—wi

Then S is a strategy which wins every game G,. Now pick a branch (v; :
i < w) through T s.t. 7; € S(i) for i < w. Then (v; : i < w) is a play which
defeats S. Contradiction! QED (Claim)

Now let IT have a strategy S for G,. Let T" be the set of (vy,...,vp—1) € T
s.t. for some sequence Cy,...,C,_1 of possible plays for I we have: v; =
S(CTi) (i < n). It is easily seen that 7" € N* and stem(7”) = stem(T).

QED (Lemma 4)

Note. Lemma /4 goes through for N’ in place of N*. To prove it we alter the
proof to have I pick a v; < we. The contradictory “universal” strategy S for
I is then defined by:

S(i) = sup Sy(i).

g: w—w1

FEverything goes through as before.
Corollary 5. Assume CH. Then N* adds no reals.

Proof. Let I+ f W — wi.
Claim. f¢ eV for all N*-generic G.
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Proof. Let T' € N*. It suffices to show:
Subclaim. There is T' < T s.t. T' I f = f for some f € V.

Proof. We first apply the amalgamation theorem, forming 7,, (n < w) s.t.

e stem(7},) = stem(T)

o Tyin=Tuln

o 11 <1,
Simultaneously we assign

Gn: Tnln — wi®
as follows: Let s = stem(7"). For n <|s|, set:
T,=T, gn(t) = 0.

Now let n > |s|. We form T,,1,gn41. For each t € T, st. [t| = n+ 1

look at (7)) and pick a maximal p < n s.t. there exist T} < (7)) and
(Y05 -« Yp—1) 8B
o stem (7)) =t = stem((T5,) ()

o T} I+ f(i) = v; for i < p,
(We could have: p =0, T} = (T5,) 1))
Set: Tn+1 - U 7;/.

teTy
[t|=n+1

Gn1(t) = (Yo, -« -y, Yp—1) fort € Topq, [t =n+ 1.

For t € T,11, [t < n we set gni1(t) = gn(t).
Set 7" =, T, = U, (T,In). Define g: 7" — wi™® by:

g = Ugn-

Then 77 € N*, T" < T, stem(T") = stem(T).

We now apply specialization. Let 77 < T" s.t. stem(7") = stem(7") and
g(t) = g(t') for |t| = |t[, t,t' € T". Then g(t) = f(|t]) for a f:w — (wy)<~.
It is casily seen that t C s — g(t) C g(s). Hence f(i) C f(i') for i <i' < w.
Set: f = J, f(i). Then dom(f) < w and T" I+ fI|f(7")] = f(i") for i’ < w.
Then it suffices to show:
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Claim. dom(f) = w.

Proof. Suppose not. Then for some n we have:
i'>n— f(i') =
Pick t € T', |t| > n. Let d = dom(f) < w. Pick T* < T" in N* s.t.
T*IF f(d) =% for some 7.
We assume w.l.o.g. that [s| > m > d where s = stemT". Then s € T".
Hence s € Tjy_1 and there is T* < (Tjg-1)s) s-t. 7% I f(d) = 4. By
our construction we have g(s) = f. But the existence of 7" shows that

d = dom(f) € dom(g(s)).
Contradiction! QED (Corollary 5)

Note. Ezactly the same proof shows that N' adds no reals.
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A major step in our proof will be to show that IN* is equivalent to an £-
forcing. By “L-forcing” I refer to a body of related forcings, all of which have
in common that the conditions represent certain statements in an infinitary
language. The criterion for being a condition is then that the statement
represented is consistent. Beyond that, however, I have not had much success
in stating a general definition, even of those £-forcings which do not add reals
(which is the relevant case here). The definition I give here is closer to that
given in [LF] rather than the more abstruse definition in [Sing]. I shall state
some lemmas without proof, but it should be possible to reconstruct their
proof from [LF].

We first introduce some notation. Set:

Lyt = (M, €, A\NM,..., Ay N M) where M = L[Ay, ..., Apl.

It M = L?l""’Am, we set:

MBl,...,Bm . LA1,~~,Am7Bl7~-~7Bm
= Lg .

Finally we note the following trivial

Fact. Let M = Lé, M = L?. Let #: M < M. Given classes By, ..., B,

and By, ..., B,, there is at most one extension ©* D T s.t. ¥ MBr-Bn <
MBisBn

Now fix M = L? where § > 2“ is a cardinal. Let A be so chosen that
Plw) C Lg‘ and the property of being a cardinal is absolute in M for all
ordinals o < 3.

Let N = (Hg+,...) be a structure of countable type. (In our specific
example we take f = wy and N = (H,,, €, <) where < is a well ordering of
H,,.) (We shall usually include a well ordering of Hgz+ among the predicates
of N.)

N is then an admissible set and we can apply Barwise Theory to it. (For a
brief account of Barwise Theory see [Sing].) Consider an infinitary language
L on N with:

Predicate: €
Constants: M, 7, B,z (x € N)

Axioms:
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e ZFC™ (meaning the finite axioms of ZFC™)
e Nv(vez o VW, c,v=2)
o M= (M;|i<w), @=(i;|i<j<w)

e 7 is a commutative sequence of elementary embeddings 7;;: M; < M -

o M, =M:; Ni<w (Ml is countable and transitive)

o &; = crit(m;;41), where &; = (wl)Mi
. . . M'L

® 3 < i1, where 3; = w

e BC M

o H, =H,.

We refer to these axioms as the basic artoms. £ might, of course, contain
further axioms (but no further predicates and constants). We then use £
to define a set P = P, of forcing conditions. Before proceeding to that,
however, we recall some definitions:

Definition (Well-founded core). Let 2 = (||, €%,...) be a model of ZFC".
By the well founded core of A (wfc(A)) we mean the set of € A s.t. €
Ne(z)? is well founded, where e(x) =: the closure of {z} under €*.

Definition (Grounded). 2 is grounded iff wfc(2l) is transitive and x € y <
z €y for x,y € wic(A).

Note. In [LF] we called such 2 “solid”.
It is then easy to see that:

Fact. Let 2 be a grounded model of the basic axioms. Then:
o 2% =z forz €N
« I —H,

o Let M = M2, Then M = (M; | i < wy) where M; = L?j 18 transitive
and countable and M,, = M.
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o Let # = 7% Then @ = (my; | i < j < wiy) is a continuous, com-

mutative sequence of elementary embeddings m;;: M; < M;. Moreover
crit(m 1) = @ =: w{v‘fi fori < wy.

* B <y fori<uw

e Let B = B* B, = n;} “B. Then B; € H,, and 7;;: (M;, B;) —

,w1

(M;, B;) is a structure preserving map (i < j < wy)

We now turn to the definition of the condition P = [P,. We first define a
set of preconditions P:

Definition (Preconditions). P is the set of pairs p = (P, P,) s.t.
(a) Py = (MP? 7P, bP) € H,,, where:

- MP = (M} |i<9), 7 = (n}; | i <j <0) where 75 MP < MY
is a continuous commutative system of elementary embeddings.
(Set |p| =:4.)

- W C M
(b) Py is a countable set of pairs (a,a) s.t. « C M and @ C M. (We might
refer to M, ﬁj by M if p is clear from the context)

We then define:

Definition (The formula ¢,). Let p € P. ¢, is the formula:
MP = (M; i < pl) Az = (7 |1 < <[pl)
AN Al (M a) < (M a)!
(a,a)ePy

AW =7t “B.

m
Iplvwl

Definition (P;). P = P, =: the set of p € P s.t. L(p) = L+ ¢, is
consistent.

Definition. Let p € P. We set:

F? =P, RP = mg(F7), DP = dom(FP).

(M, a); hence (MII;)I, a) need not be amenable!

10
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We partially order P by:
Definition (Partial order).

p<q <4 <|p| > gl A M9 = MPI(lg]+1) A 79 =7P(|q| +1)* A RqCRp>.

Lemma 0.1 (F?)~! is a function.

Proof. Let 2l be a grounded model of L£(p). Then (a,a) € FP + a =
(72 )¢, QED (0.1)

‘p|7w1

Lemma 0.2 Let R? be closed under set difference. Then F? injects DP onto
RP.

Proof. Let (a,a), (b,b) € FP. It suffices to show:
Claim. a Cb— a C b.

Set ¢ = b\@, c = b\ a. Let A be a grounded model of L(p). Let 7 = 7
Then:

A
|p|7w1 ’

Lemma 0.3 Let p <gq.
(i) If (a,a) € F? and (a,a’) € F?, then 7!’ (Mg, a) < (M), a’).

lal.lp|
(il) B? = (Wﬁ”"p‘)‘l“BP.
Proof. Let 2 be a grounded model of L(p). Let 7 = 7}-|mq|,w17 = ﬁf;"wl. Then
Tl =7 O QED (0.3)

b

Definition. 77 = ¥
»W1

=:FPo ﬂf‘m for i < [p|.
We obviously have:

Lemma 0.4 7 is a partial injection of M} into M. Moreover, if p < ¢, then
i C mp for i <|gq|.

Definition (Compatibility). Let p,q € P.

pllg <>: p, q are compatible in P
pLqe:(pllg)

11
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We then get:
Lemma 1.1 p||g <> L(p) U L(q) is consistent.

Proof. (=) Let r < p,q. Then L(r) - L(p) U L(q).

(«—) Let 2 be a grounded model of L(p) U L(q). Then w; is regular in A
and RP U RY is countable in 2(. There is then an o < w; s.t. a > |p|, |¢| and
for all @ € R? U R? we have:

ﬁ§[7wl: <M§[,a*) < (M, a)

where a* = (73, ) ' “a. (Hence a* € H,,.) This clearly exists, since 2

models ZFC™ and H,, is absolute in 2.
Define r € P by:

M=(M'i<a), 7 =(@EH]i<j<a),
= (52,7 B
F" ={{a,a") | a € R U R"}.
Then A E L(r). Hence r € P. But r < p, ¢ in P. QED (Lemma 1.1)

The proof of (+<—) in Lemma 1.1 is a model for many similar proofs. Using
it, we get the extension lemma:

Lemma 1.2 Let p € P. Let u be any countable collection of subsets of M.
Then there is ¢ < p s.t. u C RY.

(The proof turns on the fact that if 2 is a grounded model of L(p), then
u is countable in 2, since u € N = H,, C A.)

Corollary 1.3 Let p € P, u C M be countable. Then there is ¢ < p s.t.
u C rng(my,).

Lemma 1.4 Let p € P. Let w C M} be finite. There is ¢ < p s.t. u C
dom(7}).

Lemma 1.5 Let p € P, |p| < a < w;. There is ¢ < p s.t. |¢| > a.

Fuller proofs of these lemmas can be found in [LF]. Using these lemmas
we get:

12
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Lemma 2 Let G be P-generic over V. Define
M= (M [i<w), 7%=(mjli<j<w), b7=0F]i<w)
as follows: (Let w; =: wy")

ME = MP, 78 =7l b= forped,i<]p,

iJ i ) 7

G _. P G _1G _. G G
T, = U Ty B” =1b; =: U Tiw 0i-

peEG 1<wi
i<|p|

G __. G _
MS =M, xS —idIM.

Then:

(A) MY 7% is a continuous commutative sequence of elementary embed-
dings.

(B) w; € rng(n¢

i) Moreover:

of = arit(nC,) where af = (x,)(w1).

(C) B¢ < af, where B¢ = On N MF.

(D) ¥ = (z& )1“BY forallp e G

7 2,W1

(E) If pe G, a =w/, and (a,a) € FP, then ﬂg"ai (MP .a) < (M, a)

[p|’

Note. G is recoverable from M, 7% B by:

peG e \i<w(p= (MO +1), 7816 +1)? (x5,) 7 “BY)

A Na,a) € py 78, (ME,a) < (M, a)).
We now introduce an important concept.

Definition. Let W = (H,, M, <, ...) be a model of countable or finite type,
where v > 7 is a cardinal and < well orders H.,.

p conforms to W iff p € P, W is as above, and whenever aq,...,a, € RP
and b C M is W-definable in aq,...,a,, then b € RP.

(This holds for n = 0 as well, meaning that any W-definable b C M is in
RP. By Lemma 0.2 we then have: F? bijects D” onto RP.)

13
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By the extension lemma it follows easily that {p | p conforms to W} is
dense in P.
In [LF] we prove the following deep lemma:

Lemma 3.1 Let p conform to W. There is a unique W s.t.
(i) W is transitive and of the same type as W.

(i) If a1,...,a, € R? and b C M is W-definable from ay,...,a,, then
aj,...,abk € W and 0 is W-definable from a¥,...,af by the same
definition.

(iii) Each x € W is W-definable from parameters in Mp, U DP.

Definition (Pulldown). We call W the pulldown of W by p and denote it
by PD(p, W).

Lemma 3.2 Let W = PD(p, W). If 2l is any grounded model of £(p), then
7 U FP extends uniquely toa 7: W < W.

‘p|7w1

Lemma 3.3 Let W = PD(p,W). Let G be P-generic over V, s.t. p € G.
Then Wgwl U F? extends uniquely to m: W < W.

We note that by Lemma 2:
Lemma 4.1 Let G be P-generic over V. Then p € G <> V[G] F ¢,,.

Lemma 4.2 Let G be P-generic over V. If V[G] has no new reals, then
V[G] E ¥ for all basic axioms W.

Of course £ may contain further axioms. Since, however, we design £
with a view to defining the set of conditions P = P,, we are unlikely to
adopt an axiom which we do not expect to be forced by IP. Thus, in the best
case L will be good in the following sense:

Definition (Good). £ is good iff whenever G is P-generic over V', then
V[G] E W for all axioms W.

In general, the axioms of £ will be so chosen, that goodness will follow
as soon as we have shown that the forcing [P adds no reals, the verification
of the other axioms being trivial.

Obviously we have:

Lemma 4.3 Let £ be good. If p € G, G is P-generic over V', then
Fe (pp = W) — VG| E .

14
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§4 An L-Forcing Equivalent to N*

From now on assume CH. We apply the theory in §3, taking g = ws,
N = Hgory+, and M = L = (L., [A], €, A), where A C wy is s.t. Ly, [A] =
H,, and w; is the largest cardinal in L,,[A]. £ is the infinitary language on
N which, in addition to the usual predicate, constants and basic axioms, has
the further axioms:

e B=(4|i<w) is monotone and cofinal in wy
e \/m An>m+, € C, for every club C' C wy

e 1ng(., ) = the smallest X < M s.t. dgU{d; | j <i}U{jn | n <w} C
X, for i < wy.

Lemma 1 £ is consistent.

Proof. Let (v; | i < w) be N*-generic over V. Set: B = (v; | i < w). Define
M;, ;; as follows: Define (o, | i < wy), (X; | i < wip) by:

X; =: the smallest X < M s.t. {o; | j <i}U{y | n<w}CX

o =:wp N X;.
Let 7, : M; <— M]X;, where M; is transitive. Set: m; = W;il O T,
for i < j < wy.
Then
(HY,[B],(M; | i <wr), (m; | i <j<w),B)
models L. QED (Lemma 1)

Note. There is a more elementary proof of Lemma 1 which makes no men-
tion of IN*.

Set: P =: P,. If G is P-generic, then it adds MY = (ME | i < wy),
7%= (77 i <j<w)and BY = (7 | i <w) as defined in §3.

We call B = (v; | i < w) a P-generic sequence iff B = B for a P-generic
G. We shall show:

Theorem. B = (v; | i < w) is P-generic iff it is N*-generic.

15
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The proof stretches over many lemmata. We shall, in fact, define a forcing
N** in which N* lies dense. We then prove the theorem with N** in place of
IN*.

We first note that we may have to deal with structures (M, A), where
A C M liesin V but (M, A) is not amenable. A number of familiar arguments
do not work. However, we do have:

Lemma 2 Let (a,a) € FP, M = Mf;|. Assume (in any extension of V') that

7. (M,a) —x, (M,a) cofinally. Then 7: (M,a) < (M, a).

Proof. We first note that for any ¥, (II,,) formula ¢ there is a canonical ¥,
(IT,,) formula @ s.t.

(1) Vzecup(,§) < @ui),

holds in (M, a). This follows by iterated application of:

(2) /\:L‘Eu\/zw(x,z,gj) > \/w /\xeu\/ZEww(a:,z,y_')

and:

(3) V$€u\/z¢(x,z,y_') < \/w \/mEu\/szw(:p,z,g’).

(3) is trivial, as in the direction (<) of (2). To prove (—), note that, by the
regularity of ws, if the premise holds, then

/\xEu \/ZE LV[A]l/)(ZE,Z,y_»)

for a v < wy.

(1) holds uniformly in (M, a):
Let 2 be a grounded model of £(p). Then ﬁﬁﬁ‘m (M, a) < (M, a).
We now prove by induction on ¢ that if ¢ is X, then:

(5) (M, a) F o[m(Z)] (M, a) F o[z].

We proceed by induction on n. The case n = 0 is trivial. Now let
n=m+1, p =\ z¢(z, %), where ¢ is II,,,. It suffices to show:

Claim. (M, a) F o[r(%)] — (M,a) F o[7].

16
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Assume (M, a) F ¢[r(Z)]. Pick v < 8 =: B, big enough that:

(M,a) E \/z € m(u) Y[z, m(Z)]
where u = L‘é. Then by (1):
(M, a) F P[r(u), w(Z)]

where 1 is II,,,. Hence:

(M, a) F lu, 7]
Hence (M,a) F \/ z € ut[z, 7). QED (Lemma 2)
We now define:

Definition. N** =: the set of subtrees T' C (w2)<¥ s.t. for every t € T there
is a subtree 7" C T s.t. t C stem(7”) and 7" € N*.

Since N* is dense in N** we have:
BA(N*) ~ BA(N™).
Definition. Let p € P. T}, =: {s € (w2)< | Con(L + ¢+ N\, ¥ = 5(i))}.
Lemma 3 T, € N*".

Proof. Let s € T,. For each m > |s| define a game G,, as follows. On the
t-th move:

I plays C; where C; C ws is club and C; = wy if i < m.

I plays v; € C; s.t. (0,...,7%) € T, and ~; = s(4) if @i < |s].

I then wins at ¢ iff IT has no play. II wins iff I does not win at any <.

Claim. [I has a winning strategy for some game G,,.

Proof. Suppose not. Then I has a winning strategy S™ for each m € [|s|,w).
Set C={A<wy | Am<w At €I Xe S(t)}.
Then C'is club in ws.
Hence there are p’ < p, m < w s.t.

PIENi=miieC A Ni<|s|4 = s(i).

Successively choose 7v; (i < w) s.t. Con(L(p') + Njpci¥n = n). Then
(7i | i <w) is a play by II in G,,, which defeats S™. QED (Claim)
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Now let II have a winning strategy S for G,,. Let T" be the result of
applying S to all possible plays of I. Then 7" € N* s C stem(7”"), m =:
stem(7")| and 7" < T,,. QED (Lemma 3)

Lemma 4 Let (yp,...,7) = b,[(: +1). Let (y0,...,7%) € T,. There is a
unique 7 J{‘,p < J:é defined by:

onto

Let f be M-least s.t. f: w; —— ;. Let f be MP

p onto
Ipl ‘

-least s.t. f: ol

% Then 7' (f(C)) = f(C) for ¢ < af.

Moreover:
° thﬂirj;ﬁlp fOI‘h<Z (Mli‘ = E;p)
e If (a,a) € F?, then

a2 an J2Y < (T an 2.

Proof. It is clear that 7°, if it exists, is uniquely defined by: 7' o f = f.
To show existence, let 2 be a grounded model of £ + ¢, s.t. 7}, (34) = T
for h < i. Then 7}, (f) = f. Hence 7" = &}, [JZ" has all of the above

properties. QED (Lemma 4)

Lemma 5 Let 7" < T, in N**. Thereis ¢ <pin P s.t. glF (| i <w) isa
branch in 7".

Proof. Let G be N**-generic, T" € G. Let (v; | i < w) be the generic sequence
given by G. Since (7; | ¢ < w) is a branch in 7" C T, there is for each i < w
the unique 7°: J%p < J;‘i defined as in Lemma 4. Then:

(1) 7 C 7 for i < j < w.

Let f; be M-least s.t. f;: w; LN 7i. Let fi be M-least s.t. f;: of onto,
7;. Clearly, if f; € L%p, then f; € Lf;‘j, since by the definition of 7}, there is (via
a sufficient generic collapse) a grounded model 2 of L(p) + A<, w3 () =
Yn. But then, letting 7 = 72 | we have 7(f;) = f;. Hence 7 = W[L’%p and
m =mw[Ly D QED (Lemma 5)

J,w1?

Set: 7 = |J;7'. Then 7: (M,a) —x, (M,a) whenever M = M";| and
{a,a) € FP. Hence m: (M,a) < (M,a) by Lemma 2. QED (1)
Let o = a,. Clearly rng(m) is the smallest X < M s.t. aU{y; | i <w} C

Al
X. (We set: Mf:Laé, ap = ap,, AP = A} )

Ip|’

18



§4 An L-Forcing Equivalent to N*

Define (a; | i < wy), (X; |7 <wy) by:
X; =: the smallest X < M s.t. aU{e; |j<i}U{m|n<w}CX

o; = Wy N Xz
Clearly X; = rng(wowflpl) for i < |p|. Define (M; | i < wn), (m; |1 <j <
wi) by: et My <= (X;, €, AN X;) when M; is transitive,

1 . .
Tij = T O Tiwy for @ < j <wi.

Then m = 7, and:
MP = (M; [ i <|pl), 7= (m;|i<j<I|p]).

For a € RP set: a; = (m; ) '“a (i <w;). Then ay = a, where (a,a) €
EP.
Clearly 7" C M. For i < wy set: T/ = (4, )t “T". There is a limit A >
Ip| 8.t Taw, : (My,ax) < (M, a) for all a € RP and 7y, : (My,T3) < (M, T").
Set
= (MI(A+1),7[(A+ 1% (7 | n <w))

[
={{a,ax) | a € R} U{{T", T})}.
Then ¢ € IP, since:

(Ho, (M; | i <wn), (m5 |1 < J <wr), ([ 0 <))

is a model of L(q) for sufficiently large regular 6 in V[G]. Clearly, then, ¢ < p
in P.

Claim. Let G’ > q be P-generic. Set v, =~% (i <w). Then (7, | i < w) is
a branch through T'.

Proof. Since my ., : (My, Ty) < (M, T') and 7, (77) = 7 for i < w, where
(7 | © < w) is a branch through 7", we know that (v} | i < w) is a branch
through T§ — i.e. y*n € T} for n < w. Since 7§ : (MA,T’) < (M, T"), it
follows that:

Vi =x5, 0 ) eT
for n < w. QED (Lemma 5)
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Note that if ¢, 7" are as in Lemma 5, then 7, < 7". (Otherwise there is
s €T, st.s¢T. Butthen thereis ¢ < ¢s.t. ¢ IF (% | i < n) = s, where
n = |s|. Let G > ¢’ be P-generic. Then ¢ € G and (¢ | i < w) is not a
branch in 7". Contradiction!)

Corollary 6 Let A be strongly dense in N**. Then {p | T, € A} is dense in
P.

Proof. Let T" < T,, T" € A. Pick ¢ < ps.t. T, < T'. Then T, € A.
QED (Corollary 6)

But then:
Corollary 7 Let B = (v; | i < w) be P-generic. Then B is N**-generic.
Proof. Let B = BY where G is P-generic. Then

G ={TeN"|\/peGT,<T}

is N**-generic. But B is a branch in every T' € GG'. Hence B is the N**-generic
sequence given by G. QED (Corollary 7)

It remains only to prove the converse. By a virtual repetition of the proof
of Lemma 5 we have:

Lemma 8 Let 7' € N**. Thereis p e P s.t. T, <T.

Proof. Let G o T be N**-generic. Let (y; | i < w) be the generic sequence
given by G. Define o, X;, M;, m;; (i < j < wy) exactly as before but without
reference to a previously chosen p € P. (I.e. we set:

X; = the smallest X < M s.t. {a; | j <i}U{y | n<w}CX)

As before there is A < wy s.t. Ty, 0 (M), T)) < (M, T), where T\ = Wiil “T.
Define
p={((Mi|i<\),(m|i<j<A),By)

where B) = W;il “AYn | 1 < w}
P1 = {<T, T)\>}

The rest of the proof is as before. QED (Lemma 8)
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Lemma 9 Let B = (y; | ¢ < w) be N*-generic. Then (v; | i < w) is
[P-generic.

Proof. Suppose not. Then there is T € N* s.t. T I B is not P-generic.
Let p € Pst. T, <T. Let G > p be P-generic. Let B = B®. Then B is
N**-generic and, in fact, B = B¢ where G’ = {T' | \/p € G T, < T} is N**-
generic. But 7' € G’ and B is P-generic. Contradiction! QED (Lemma 9)

This proves the Theorem.
Note. Carrying this further, we could show that BA(N*) = BA(P).

Note. If L is like L except that the aziom:
\/m /\nzmﬁn e C  for all club C' C ws

15 replaced by:
\/m /\n >m Ape1 > F(3n)  for all
F:w, — w2,

then a virtual repetition of our proof shows:

Theorem. B’ = (v; | i < w) is Pp-generic iff it is N'-generic.
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§5 The Conclusion

From now on assume CH +2“! = w,. We now prove that N* is subcom-
plete. The definition of subcompleteness can be found e.g. in [Sing]. The
notion of subcompleteness involves the notion of fullness, which we first de-
fine:

Definition (Grounded). Let 2 = (||, €*,...) model the axiom of exten-
sionality. A is grounded iff its well founded core A = wfc(2l) is transitive and
€ NA? =¥ N A%

Definition (Full). Let M be a transitive ZFC™ model. M is full iff there is
a grounded ZFC™ model 2 s.t.

o M € WfC(Ql)

o If BeAs.t. BC M, then (M, B) is a ZFC™ model. (In other words,
M looks like a 2nd order ZFC™ model in 21.)

We then say that 1 witnesses the fullness of M.

Note. This notion is sometimes called “almost full” with the word “full”
being reserved for the case that 2 is transitive.

We note the following facts:

Fact 1 If 2 witnesses the fullness of M and p is the least ordinal s.t. L,(M)
is admissible, then L,(M) C wic(2().

Fact 2 If M is full and f: M < M cofinally, then M is full. (In fact, if
2l witnesses the fullness of M, then 2 witnesses the fullness of M, where
froA < A is the liftup of f.)

Combining these facts, it is easy to show:

Fact 3 Let 7: M < M cofinally, where M is full. Let p be least s.t. L,(M)
is admissible and p be least s.t. L,(M) is admissible. Let:

L;(M)EV[M,x,...,x,), wherex,...,z, € M.

Then
L,(M)EY[M, m(x),...,m(x,)].
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We also define:

Definition. Let N = LAvAn = ([ [Ay, ..., An], €, A1, ..., Ay) bea ZFC™
model. Let X C N and let § € N be a cardinal in N.

CN(X) = the smallest Y < N s.it. (§+1)UX CY.

Theorem. N* is subcomplete.

At the end of the proof we shall note the rather small changes needed to
prove that IN’ is subcomplete.

Fix Q > 2N Let W = LA = (L,[A], €, A) be a transitive ZFC™ model
st. Ho € W. Let m: W < W, where W is countable, transitive, and full.
Assume that 7(Q2) = Q and 7(N*) = N*. In order to prove subcompleteness,
it suffices to show that, given any pair (5, s) with 7(5) = s and any G which
is N*-generic over W, there is a T € N* which forces the following statement:

If G > T is N*-generic over V, there is o € V[G] s.t.
(i) o: W <W

(i) o(Q,N*,5) = Q,N*, s
(ii) ¢“G C G
(iv) C(mgo) = CY (mgm).

The proof will stretch over many sublemmas.
Before proceeding further, we list some definitions and facts developed in
[Sing].

Definition (Cofinal). Let M be transitive and 2 a grounded model. We
call an embedding 7: M — 2 cofinal iff for each x € A there is u € M s.t.
AEz e n(u).

Fact 4 Let M be a transitive ZFC™ model and 7: M —5, 2 cofinally.
Then m: M < .

Fact 5 Let 2 be a ZFC™ model, M transitive and 7: M —y, 2 cofinally.
Then 7: M < 2.

Definition. Let M be a transitive ZFC™ model and 7 € M a regular cardinal
in M. m: M < 7-cofinally iff for each x € A thereis u € M s.t. u < 7 in
M and A E x € w(u).
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Definition (Liftup). Let M be a grounded ZFC~ model and 7 € wfc(M)
regularin M. Let H = HM and let 7: H < H cofinally, where H is transitive.
We say that (2, 7) is a liftup of (M, 7) iff # D 7 and 7: M < A T-cofinally.
(In this case we also say that 7 is a liftup of 7.)

Fact 6 The liftup (2, m) of (M,7) always exists and is determined up to
isomorphism by (M, 7). The liftup is unique if 2 is transitive.

Fact 7 (“Interpolation Lemma”) Let «': M < M" and 7 = 7'|H: H < H
cofinally, where I = H} is as above. Then the transitive liftup (M, 7) of
(M, 7) exists. Moreover, there is a unique o: M < M’ s.t. on = 7’ and

olH =id.
Another well known fact is:
Fact 8 If 7: M < M t-cofinally, then 7(7) = sup 7 “r.

Note. To prove the theorem it will suffice to show that if G, 3, s are as stated,
then in the generic collapse of a sufficient cardinal there exist G, g s.t. G 1is
N*-generic over V., g € V|G] and (i)-(iv) hold. There will then be a T € G

which forces this.

We shall also make use of an auxiliary forcing € which adds a club C' C w»
which is almost contained in every club set in the ground model:

\/oc<w2 C\aCA whenever A €V is club in ws.

The conditions are pairs (a, A) s.t. A is club in wy and a < wy. They are
partially ordered by:

(o, A') < (o, A) 3 (@' 2 anNA CANA Na=ANa).

These conditions are closed under w;-chains and hence do not add new sub-
sets of the ground model of size wy. For this reason it is also complete in
Shelah’s sense. Moreover € satisfies the ws-chain condition, since whenever
(o, A), (B, B) are incompatible, then (o, AN «) # (B, B N B). (Otherwise
(, AN B) < («, A), (6, B).) Hence C does not change cardinals or cofinali-
ties. If G is C-generic, we set:

C=Co=[{Al\(e4) eG}t=|J{Ana|(a A) G}
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C' then has the above property. We call it the generic club added by G. G
is then recoverable from C' by:

G={{a,A) e C|CCANANa=CnNa}.
Since C is definable in W, there is C € W s.t. 7(C) = C.
Definition (Good pair). (G, G") is a good pair for W iff
e (i is N*-generic, adding the generic sequence (3, | n < w)
o (' is C-generic, adding the generic club C
e \/n Am>n#, €C.
Lemma 1 Let T € N*. There is a good pair (G,G") s.t. T € G.

Proof. Let (A; | i < w) enumerate the dense subsets of N* and (Af | i < w)
enumerate the dense subsets of C. We define:

7—; € N*a <ai7Ai> S (D
by induction on ¢ < w as follows.
Ty =T, (a0, Ao) = (0, wa);

Now let T3, (a;, A;) be given. Let s; = stem(7;). Set:
T ={teT | \j>lsilt() € A\ ai}.

Then T! < T; in N*. Pick Tj,; < T/ s.t. Tiy1 € Ay Pick o < ws s.t.

)

o) > 5;41(j) for all j < |s;1q]. Then (o, A;) < {ay, 4;) in C. Pick
<Oéi+1,Ai+1> S <O{;,A7,> S.t. <(IZ‘+1,AZ‘+1> c A;

C = U;(ai M A;) is then C-generic and b = (v, | n < w) =1 U, T} is an

N*-generic sequence.

Claim. Ai > |so| v € C.

/

Let i < [sj41]. Then 7y = s;11(i) < o). Hence v; € o, N A; = a; N
C. QED (Lemma 1)
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But then:

Corollary 2 Let G be N*-generic over W. There is G’ s.t. (G, G") is a good
pair.

Proof. Let p = the least p s.t. L,(W) is admissible. Since W is full, we know
that P(N*)NL,(W) C W. Hence G is N*-generic over L,(W) and L,(W[G])
is admissible. Let £ be the infinitary language over L,(W[G]) with:
Predicate: €

Constants: z (z € L,(W[G)])), G, C

Axioms: ZFC™; Av(v € z <V, v = 2); G is C-generic over W; giving a
generic club set C; \/n Am >n y(m ) € C, where 7= (1(i) | i <w) is the
generic sequence given by G.

It suffices to show:

Claim. L is consistent, since if A is a grounded model of L, then (G, Gm) s
a good pair.

Suppose not. The consistency of £ is a I1;(L,[W|[G]]) statement, so there
is T' € G which forces it to be false. Let (G, G1) be a good pair with T" € G.
Then the corresponding language £ on L,[W[Gy]] is inconsistent. But it is
consistent, since (H,,,G1) is a model. Contradiction!  QED (Corollary 2)

Now let GG be N*-generic over W with generic sequence (¥; | i < w). Let
(G, G") be a good pair and let C' be the generic club given by G’. Since C
is a complete forcing, there is G’ which is C-generic over V s.t. 7¢G’ C G.
Let C be the generic club given by G’. Then 7“C' C C. But then 7 extends
uniquely to a 7' D 7 s.t. ': W[C] < W[C], «'(C) = C. We now prove:

Lemma 3 Assume the collapse of a sufficient cardinal to w. Then there is o
s.t.

(i) o: W =<W
(i) o takes wl cofinally to wy = w,
(ii)) o“C' Cc C
) C

(iv) CY(mgm) = CY (mgo)
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Before proving Lemma 3 we note a consequence. Let v; = o(7;). Then
(7i | i < w) is almost contained in C. But C' is almost contained in every
club A C wy in the ground model. Hence (v; | i < w) is almost contained
in every such A. If we knew that (y; | i < w) were an N*-generic sequence
given by G and that ¢ € V|G|, we would be done. However, we do not know
that and shall have to do a further argument, using Lowenheim—Skolem to
apply Lemma 3 to a countable model instead of V[C].
Proof of Lemma 3. Let Hy = (H,,)"I¢l and let (Wy[Co], 7)) be the liftup
of (WI[C],7'[Hp) (noting that W is definable in W[C] from the predicates
in W). Set mp = 7)|W. Then mo: W < Wy (noting that W is uniformly

W[C]-definable from the predicates in W).
(1) mo: W < Wo, wy¥-cofinally.

Proof. Let x € Wy. Then z € 7((u), where u € W[C], u C W and U < w, in
W. But the forcing € adds no new subsets of W of size < ws. Hence u € W
and 7 (u) = mo(u). QED (1)

By the same argument we have: Hy = (H,,)". Thus:

(2) (W, mo) is the liftup of (W, | Hy).

But if z € w(u), u € W, U < wy in W, we have x = 7(f)(v) for a v < wy,
where f € W maps w; onto u. Then

(3) Wy = CJo(rng o).

Now let py = the least p s.t. L,(W,) is admissible. Then W, is a 2nd
order ZFC™ model in L,, (W), by the fullness of Wj.

It follows that Cj is Co-generic over L, (W), where mo(C) = Cp and

7o(C) = Cy. Thus po is minimal s.t. L,,(Ws[Cy]) is admissible. Let Ly be
the following language on L, (Wy):

Predicate: €
Constants: z (z € L,,(Wy)), 74, do
Axioms: ZFC™; Av(v €z <

cex V= 2);

ao: WICT < Wy[Col;

05(Q, N, €, C) = Qy, Nj, Co, Co
where Wé(Q,N*, @,C) = QO7N87@0, CQ;

a0 = 6o Wo;
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Go: W < W, wg_v—coﬁnally.

Then L, is consistent, since (Hy, ', ) is a model for sufficiently regular
6. The statement that L, is consistent is a IT; (L,, (Wy[Co])) statement about
W, Q, N*, (]_j, é and Qo, Na, @07 O().

Now let H, = (H,,)"°l. Let (W,[Cy], ™) be the liftup of (W[C], 7’| H).
Let p; be the least p s.t. L,(W;[C]) is admissible. Note that C; = C, since
C € Hy and 7' H; = m||H;. Let £, be the language on L, (W;[Cy]) defined
from Wy, Gy, Qy, N3, C,W,C,N*,C,C as Ly was defined on L, (Wy[Cy])
from Wy, Co, Qo, .. ., ete. (where Qy, Nt, C; = 71(Q,N*,C)). By the inter-
polation lemma there is p: Wy[Co] < Wi[Cy] s.t. u[Hy = id and pn, = 7.
Hence u(Co, Q0, N§, ...) = C1,Q, N7, . ... Applying Fact 3 we then conclude:

(1) £, is consistent.

Let 2 be a grounded model of £;. Let oy = ¢%. Then:

(1) o1: W < Wy, wi¥-cofinally.

[ O'1<Q,N*,®) = Ql,NT,Cl
® Ul“é ccC

On the ogher hand:
(2) 7 : W < Wy, wl-cofinally.

Proof. Let x € Wy. Then = € (u) where u € W[C], T < w; in W[C] and
u C W. But U satisfies the ws-chain condition in W, which implies that
uCuvforaveW st v <wyin W. Thus z € my(v). QED (2)

But then:
(3) C"i(rngoy) = CM (tngm) = Wy,  where 7= wy .

By (2) we also have: i

(4) (Wy,m) is the liftup of (W, n[H,), where H, = (H,,)".

But then there is 6: Wi, < W s.t. §[(H,,)" = id and dm; = 7. Set:
0 =0o00;. Then:

oo W=<W
e 0“C C C, since §[C = id

e CW(mmgo)=46“CM(mmgo;) = 5“W,
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o CF(mgm) = 0“Cy" (g m) = 0“W)
for 7 = wgv ! = wy, since d[7 = id. Trivially we also have:
o(Q, N, €) = 7(Q, N, ©) = O, N*, C.
QED (Lemma 3)

Now let (6, | n < w) be a Namba-generic sequence over V[C]. Work in
V[C][0]. Let 6 be regular in V s.t. W € Hy. Set:

H = <H97 €, <, VV797N*7 W,7T>,

where < is a well ordering of H in V. Then cardinals are not collapsed in
H[C] and 7": W[C] < W[C] is H[C]-definable in C. Set:

X =:the smallest X < H[C] s.t. {C}U{6, | n <w} C X.

Let p': I:ILC’] «— H[C||X st. p/(C) =C andj:[ is transitive. Set u = p' | H.
Then p: H <= H|[X. Let H = (|H|, €, <,W,...,W,7). Let @’ be defined
from C in H[C] as m was defined in H[C]. Then:

7 WIC) < W[CY, #(C) =C,
where 7@ = 7/ [TW. Note that u takes &y = wf cofinally to ws.

Lemma 4 Every z € H is H-definable from parameters in w? U{d, | n < w},

where 11(0,,) = 0p,.

Proof of Lemma 4. Let z € H. x is ﬁ[é]—deﬁnable from C' and a parameter
p = <5i12...,5im>. Let z = t7 (p, 0). Let u be the set of z €~ﬁ s.t.
q - t(p,C) = z for some g € C. Then u € H. Moreover, U < w, in H, since
C satisfies the ws-chain condition. Clearly u is H-definable in p. Set f = the
f]—lgast f1wy 22 4. Then f is H-definable in p and x = f(§) for a & < we
in H.

Let £ < Om. Let g be H-least s.t. g: wy om0, 5,.. Then fog is H-definable
in p,d,, and x = f o g(v) for a v < wi. QED (Lemma 4)

Applying the argument of Lemma 3 to H[C] instead of V[C], we see that:

Lemma 5 There is 0 € H,, s.t.
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i) 6: W <W
H).

W o_ ~ ~
5 = Wy (Where Wy = wy

5“C c C

)

(i) & takes wl cofinally to w

(iii)

(iv) C’}Z(rng g) = ng(rng ).
We now use our construction to define a precondition in the forcing P =

P, defined in §4. We define p = (P, P;) by:

Definition. Py, = (M?, 7P b’) where:

e dom(M?) = dom(7P) = {ap}, where ap = wi

o MP = #(M) = M (M); = id[M]

e V¥ = 7(B), where B = BS, G is the N*-generic set over W fixed at the
outset.

To define Py we let (@;(vi,...,v,,) | i < w) enumerate the H-formulae
and set:
Ai = {<.’E1, c. ,.CCn2.> e M™

Then ,u(fll) = A, for i < w. We set:

HE gilry, ... z,]}
HE ilr1, .., Tpy] )

p is then a putative condition, i.e. p € P.
Lemma 6 p € P.

Proof. We show that L(p) is consistent by constructing a model for it in
V[C][0], using the fact that w; is not collapsed. We construct (a; | i < wy),
(X | i <w) as follows:

M
«AIP p 0
Xo = p“My, oy = 0y = w; .

Set B = (v, | n < w), where:

Vo = p(Tn) = p(y;) forn <w.
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It is easily seen that X is the smallest X < M s.t. oo U {7y, | n < w} C X.
For j > 0 set:

X; = the smallest X < M s.t. UXi U{a} C X,

i<j
Q; = Wy N Xj.
Set: T, 1 M; < MX;, Tij = W]_‘})l o T, for i < j < w;. Note that

since %, € C for sufficiently large m, we have: 3, = 6(Vm) € C for sufficient
m, since §“C C C. But Tow, = p[My, where ,u“C’ C C. Hence v, € C
for sufficiently large m. But whenever A C wy, A € V is club in ws, then
Va <w, C\a C A It follows that \/m An > m v, € A for all such
A. Hence, letting 1 be a sufficiently large regular cardinal in V[C][d], we see
that
A= (H,, (M; | i <wn),(m; | i <j<wr), B)
models £ (where P = P, as in §4). But mo,, = u[MP and p(A;) = A; for
1 < w. Hence:
Tow, : (MPA)) < (M, A;) fori < w.

Thus A models L(p). QED (Lemma 6)

Now let G be P-generic with p € G'. Let B' = B, n/ = 7T(~;l, M = MY,
Since p conforms to H, we know that 7, extends to 7*: H < H'. Set:
o' =7*oad. Then:

(i) o': W< W
(i) o takes w¥ cofinally to ws
Since 7*(7) = m* o T = 7, and
CY (mgs) = C (g 7),
we conclude:
(iii) CY (rmgo’) = CY (mgm).

Now let G = the set of T" € N* s.t. \/p € G’ T, <T. Then G is N*-
generic and B’ is the sequence given by G. If T' € G, then B; = (7, | n < w)

is a branch in T. Hence B = (0'(7,) | n < w) is a branch in o’(T'). Hence
o'(T) € G. Thus:
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(iv) o'“G C G.

QED (Theorem)
We now sketch the changes that must be made in order to prove the
subcompleteness of N'. If A is club in ws, let:

Fa(a) =: the least f € As.t. a < f3.

Then if C' is C-generic, the function F eventually majorizes every F': wy —
wy in the ground model.
We change the definition of good pair, requiring only

\/n /\mZnFCm/m) < Ym+1

instead of \/n Am >n~,, € C.
In the proof of Lemma 1 we alter the definition of 7/ to read:

T ={teT,| N\ij=>lsil (i <t; A Fat;) <t}

The proofs of Lemma 1, Corollary 2 go through as before. The remaining
proofs then go through with cosmetic changes.
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§6 Some Further Properties of N, N’ N*

Set: Pp =N, P; =N, P, = N* and P; = CxN (where N is a name for
Namba forcing in V).
We say that v = (y; | i <w) is Py-conforming (h < 3) iff

e 7 is monotone and cofinal in wy

e v € V[G] for a G which is Pj-generic.
We prove: (assuming CH)

Theorem (assuming a sufficient collapse to w). If v is Pp-conforming, it is
not P ;-conforming for any j # h.

But this implies:

Corollary Let B; = BA(IP;) be the canonical complete Boolean algebra
over [P;. Then B;, B, are not isomorphic for 7 # j.

Definition (Magical). Working in any extension of V', define:
§ = (; | © < w) is magical iff § is monotone, cofinal in wy =: w) and whenever
A € Vs club in wsy, then \/n Ai>nd; € A.

Lemma 1 Let v = (; | i < w) be N’-generic. Then 7 is not magical. In
fact, there is A € V club in wy s.t. y; ¢ A for i < w.

Proof. We show that for every T'€ N’ there is 7" < T, A € V s.t. A is club
and At €T rmg(t)NA=0.

We first find 77 as follows. Let s = stem(7). We construct 7T, s.t.
T=T>T >--->T, > - and T,,[n = T,[n for m > n, (where
Tin={teT]||t| <n}).

For i < |s| set T; = T. Now let m > 1. For each t € T}, |t| = i, select A,
club in wy s.t. {a | t™(a) € T;} \ A; is unbounded in wo. Set

T ={t' € T, | (i) ¢ A} = | (T~ |17 (@) €T [t = i, ¢ AL}
Then T" = | J, T;17 = (), T; has the property that:

teT tj=i = {a|t ™ {a) e T} N A =0.
For each n > |s| set:

A ={MN\teXN(teT —re A}
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Then A,, is club in ws and
(teT, |t|=n, t {a)eT) = a¢ A,
Set A=), An. Then:
teT — N\it(i) ¢ A

But we have shown that the set of such 7" is dense in N’. Hence if G is
N’-generic, there is such 7", A with 7" € G. Hence Ai~; ¢ A.
QED (Lemma 1)

Lemma 2 Let W be an extension of V with H)) = HY . Let v = (v; | i <w),
v = (7| i <w) €W be monotone and cofinal in wy. Then 7" € V]r].

Proof. Let f; € V st. fi:wq oo, Y. Set X, = U, fi“a for a < wy.
Then (X, | @ < wy) € V[y] and for i < w let §; be least s.t. v/ € Xj,.

onto

Then a = sup,d; < w;. But there is g € V[y] s.t. g: w —— X,. Hence
{Vi|i<w}=g“aeV]y] for an a C w. QED (Lemma 2)

Lemma 3 There is no magical sequence in V[y] where « is N'-generic.

Proof. Let 6 = (§; | i < w) be a counterexample. Let A € V be a club
inwy st.y; ¢ Afori < w. Let m < wst. 6 € Afori > m. Then
(0; | @ > m) is a counterexample which is disjoint from 7. Hence we may
w.l.o.g. assume {§; | i <w}N{y |i <w}=0. By thinning the sequence §
we may also assume that there is a monotone sequence (m; | i < w) in w s.t.
Yy < 0 < Ymys1 for i <w. Let B €V, B Cws s.t. H, = L,,[B] and w; =
the largest cardinal in L,[B]. Then there is a@ < wq s.t. {d; | i < w} C X,
where X = the smallest X < (L,,[B],B) s.t. aU{vy, | n < w} C X.
We can assume w.lo.g. that @ = w; N X. Let m: (Lg[B], B) +—~ X. Let
T(Fms ) = Y, 0. Then A, < 6; < Yy, 41 for i < w.
Let T' € G (where v = |J[) G and G is N'-generic) s.t.

T (7’r: (Ls|B], B) < (Lo,[B], B) A 7(%m) = A for m < w

A W(Sn) = d,, for n < w)

where 4 is the canonical name for v and ¢ = ¢, and 7 is defined from ¢, 4
as above.
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Then:

(1) If t € T, |t| = m; + 2, then there is 1 < t(m; + 1) s.t. Ty IF 17 = 6.

Proof. Let f, = the (Ls[B], B)-least f s.t. f:a =5 5, (n < w). Let
fi = the (L,,[B], B)-least f s.t. f:w —< t(n) for t € T, |t| = n+ 1.
Whenever G > T is N'-generic, then 7#(f,(v)) = firp...pm (v) for v < a.

Thus, setting m, = fyof, ! for [t| = n+1,t € T, we have: Ty I- 715, = 7.
In particular: if [t| = m;+2, ¢t € T and n = 7,(;), then Ty I+ 5 = 0;.QED (1)

We now thin 7" as follows. For i < w we define T; s.t. T,y < T;, T;[(m; +
1) = T;[(m; + 1) and stem(7;) = stem(7;) for i < j. We then set: 1" =
N, T; = U, T;1(m; +1). Then T" € N'. Define T; by: T, =T if m; + 1 < |s]
where s = stem(7). If m; +1 > |s|, proceed as follows. We pick for each
teTst |t =m;+1aset A, = AL C {a | t7(a) € T;} as follows: Set:
Mo =N = T~y (6;). (Hence t(m;) < no < o)
Case 1. For all 4 < w; there is a s.t. 7, > p. Successively pick a; s.t.
Na; > SUPyo; . Set: A= {a; | i < wa}.
Case 2. Case 1 fails. Then there is 7 s.t. Card({a | 7o = n}) = wo. Set
A={a]n.=mn;

We then set:

Tiv1={t|teT; and t(m; +1) € ALif [t| > m; + 2}
=T | [t =mi + 1,t € Ty, a € AL}
If t € T" and [t| = m; + 1, then we have for ¢~ (a) € T": either n!, <

min{a | t(a) € T"} or nf, > sup{S | t™(B) € T' A B < a}.
If we let B; = the closure of {« | t"a € T"} in wy, then n!, ¢ B;. Set:

Bi={A \te X" (teT — \eB)}.

Then 1, ¢ B, since otherwise !, € By, since t(h) < nt, for h < m;. If we set:
B =, Bi, it follows that 7}, ¢ B whenever ¢t~ () € 7" and [t| = m; + 1.

This means that if G 5 7" is N'-generic, given the generic sequence (v, |
n < w), then §; ¢ B for i < w (where §; = 77§mi+17mi>). Thus (6; | 1 < w) is
not magical. Contradiction! QED (Lemma 3)

Lemma 4 Let v be N*-generic. Then ~ is a maximal magical sequence in
the following sense: let § = (J; | i < w), where § € V] is magical. Then

\/n/\mZn&me{vj|j<w}.
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Proof. Suppose not. Let § be a counterexample. Then there is a monotone
function (m; | i < w) s.t. Vj 0; € (Yms, Yms+1) for i < w. Pick 6, €
(Yimss Ymi+1). Then (0, | ¢ < w) is magical. Hence we may assume w.l.o.g.
that 6; € (Ym;, Ym,+1) for i < w, where (m; | i < w) is monotone. We
again let B C wy s.t. Ly, [B] = H,, and w; is the largest cardinal in L,,[B]
(where B € V). Define a, X, 7: (Ls[B], B) +— X exactly as in Lemma 3.
Let T(Ym, ) = Ym,0:. Then 4, < 6 < Am,41 as before. Let G be the
N*-generic set giving the sequence 7.
There is T' € G s.t.

T (7%: (Ls|B], B) < (Lo,[B],B) A #(3n) = Fu for n < w

A W(Sn) = 0, for n < w)

where 4% = v and 6¢ = § and 7 is defined from &, 4 as above.

Then just as before we get:

(1) It t € T, |t| = m; + 2, there is n < t(m; + 1) s.t. Ty IF 7 = 6.

Fort €T, |t| =m;+1,t (o) € T, let 5, = n}, =: that n s.t. Tj~(4) IF
i = ;.

Imitating the proof in Lemma 3 we then define successive thinnings 7; of
Tst: T =NT. Imi+1<]s|, s =stem(T), we set T, = T. Now let
m;+1 > |s| and let T; be given. For t € T}, |t| = m;+ 1, we define: A = A; =
{a | t™(a) € T;} as follows. Since 7, < « for t™(«a) € T}, there must be n
st. {a | tTa € T; An, = n} is stationary. Set A ={a|t"a € T; An, =n}.

Set Tip1 = {t € T; | t(m; + 1) € Ay if [t| > m; + 1}, Tt follows as
before that if B = B; =: the closure of {« | t"«a € T'} for |t| = m; + 1, then
Ni~a & By for t~a € T'. Setting

Bi={A NteX"" (teT — XeB)}

we again have: n,~, ¢ B;. But then -, ¢ B where B = (), B;. Hence if
T" € G and G is N*-generic, we conclude that §; ¢ B for i < w. Contradic-
tion! QED (Lemma 4)

Definition (Quasi-magical). Define § = (J; | i < w) to be quasi-magical iff
whenever F' € V and F': wy — wy, then \/n Am > n 01 > F(0,,).

We recall the following known theorem about IN:
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Lemma 5 Let G be N-generic. Then:

(a) If 0 = (0; | 1 < w) € VI[G] is monotone and cofinal in wy, then § is an
N-generic sequence.

(b) No N-generic sequence is quasi-magical.
Finally we note:

Lemma 6 Let G be € x N-generic. Let v = (v; | i < w) € V[G] be magical.
Then there is a magical v/ = (7} | i <w) s.t. {v; | i <w}nN{v}|i<w}=0.

Proof. Let V|G| = V[C][v] where C is C-generic and v is Namba-generic over
V[C]. Then there is a monotone sequence (m; | i < w) s.t. (Vm,, Ym,+1) NC #
(). This follows from the C-genericity of C. Pick v/ € (Ym,, Ym,+1) NC. Then
7' = (7} | i < w) has the desired property. QED (Lemma 6)

Now let: Po =N, P, =N/, P, = N*, Py = C % N.

Definition. v = (v; | i < w) is P,-conforming iff v is monotone and cofinal
in we and v € V|[G] for P,-generic G.

Theorem. If 7 is P,-conforming (n < 3), then it is not P,,-conforming for
any m # n.

Proof. (1) Let v be Py-conforming. Then + is not P,-conforming for n > 0.

Proof. If v € V[G] and G is P,-generic, then there is a quasi-magical
d € V[G]. Hence 6 € V[y] by Lemma 2, contradicting Lemma 5.

(It follows, of course, that no P,-conforming sequence is Py-conforming
if n>0.)

Using Lemma 1, we then get:

(2) Let v be Py-conforming. Then ~ is not P,-conforming for n > 1.

Using Lemma 4 and Lemma 6 we then get:

(3) Let v be Py-conforming. Then ~ is not P3-conforming. QED
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